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Abstract
In this work, the fixed point theorems of Krasnoselskii and Petryshyn are generalized to inner product spaces.
An example is given to show the applications of the theorem.
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1. Introduction
Let E be a real inner product space, D be a bounded open set of E . Let D and ∂ D be the closure and
boundary of D respectively.
Throughout this work, some concepts are taken from [1–4].
M.A. Krasnoselskii and W.V. Petryshyn proved the following theorems, respectively (see [5,6]).
Theorem k. Let D be a bounded open subset in Rn and θ ∈ D. Suppose that A : D → E is a continuous
operator and it satisfies one of the following conditions:
(i) (Krasnoselskii) (Ax, x) ≤ ‖x‖2, for every x ∈ ∂ D.
(ii) (Petryshyn) ‖x − Ax‖ ≥ ‖Ax‖, for every x ∈ ∂ D.
Then A has a fixed point in D.
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For some references on related work, see [7–12].
2. Main results
The first result is a generalization of Krasnoselskii’s Theorem.
Theorem 1. Let E be an inner product space, D a bounded open set in E, and θ ∈ D. Suppose that
A : D → E is a semiclosed 1-set-contractive operator [1], and satisfies the following condition:
(Ax, µx)n + λ(Ax, Ax)n ≤ ‖µx‖2n, for every x ∈ ∂ D, where n ∈ N, λ ∈ [0, 1], µ ≥ 1. (H1)
Then Ax = µx has a solution in D.
Proof. We can assume that Ax = µx has no solution on ∂ D (otherwise the result holds). That is,
Ax = µx , for every x ∈ ∂ D, µ ≥ 1.
Let ht (x) = µx − t Ax , Ht (x) = tµ Ax , t ∈ [0, 1], for every x ∈ ∂ D, µ ≥ 1. Below we prove that
θ∈ht (∂ D), t ∈ [0, 1]. (1)
In fact, suppose that (1) is not true; then there exist a t0 ∈ [0, 1] and an x0 ∈ ∂ D such that
θ = ht0(x0), that is, µx0 − t0 Ax0 = θ, (2)
that is, t0 Ax0 = µx0; then t0 = 0 (otherwise, t0 = 0, and we have x0 = θ ∈ ∂ D; this is in contradiction
to θ ∈ D) and t0 = 1 (otherwise t0 = 1, and we have Ax0 = µx0; this is in contradiction to the given
condition Ax = µx , for every x ∈ ∂ D).
Hence t0 ∈ (0, 1). By (2), we obtain Ax0 = µt0 x0, where x0 ∈ ∂ D, t0 ∈ (0, 1), µ ≥ 1. Inserting
Ax0 = µt0 x0 into (H1), we have(
µ
t0
x0, µx0
)n
+ λ
(
µ
t0
x0,
µ
t0
x0
)n
≤ ‖µx0‖2n, (3)
that is, µ2n
(
1
t0
)n
(x0, x0)
n + λµ2n
t2n0
(x0, x0)
n ≤ µ2n‖x0‖2n , that is,[
1
tn0
+ λ
t2n0
]
(x0, x0)
n ≤ (x0, x0)n. (4)
Because x0 ∈ ∂ D, we thus have (x0, x0) = 0.
By (4), we obtain that
1
tn0
+ λ
t2n0
≤ 1. (5)
Since t0 ∈ (0, 1), thus, 1
t0
> 1, that is,
1
tn0
> 1, that is,
1
tn0
+ λ
t2n0
> 1. (6)
(6) is in contradiction to (5).
Therefore θ∈ht (∂ D), that is, x = Ht (x).
On the other hand, since t ∈ [0, 1], for every x ∈ ∂ D, we have
α(t A(D)) ≤ α(A(D)) ≤ α(D),
where α denotes a noncompact measure. And I − t A = I − t A + t I − t I = (1 − t)I + t (I − A).
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By virtue of the given conditions, we know that Ht : D → E is a semiclosed operator. According to
what was said above, we know that Ht : D → E is a semiclosed 1-set-contractive operator.
By the homotopy invariance in [1], we have i( 1
µ
A, D) = i(θ, D) = 1.
And by the solution property in [1], we know that Ax = µx has a solution in D.
The proof of Theorem 1 is completed. 
Remark 1. In Theorem 1, when λ = 0, n = 1, µ = 1, we have Krasnoselskii’s Theorem; thus
Theorem 1 is a generalization for Krasnoselskii’s Theorem.
Lemma 1. When t0 ∈ (0, 1), λ ∈ (0, 1], and n ∈ N, the following inequality holds:(
1
t0
− 1
)2n
<
1
t2n0
− λ.
Proof. First, we prove that (y − 1)2n < y2n − λ, where y > 1, n ∈ N , λ ∈ (0, 1].
Let f (y) = (y − 1)2n − y2n + λ, where n ∈ N , λ ∈ (0, 1].
Then f ′(y) = 2n(y − 1)2n−1 − 2ny2n−1
= 2n[(y − 1)2n−1 − y2n−1] < 0.
(Because 1 < y, that is, 0 < y − 1 < y, we have 0 < (y − 1)2n−1 < y2n−1.)
Therefore, f (y) is a strictly monotone decreasing function in [1,+∞).
Consequently, when y > 1, we have f (y) < f (1). But f (1) ≤ 0, that is, f (y) < 0,
that is, (y − 1)2n < y2n − λ. (7)
Let y = 1t0 (where t0 ∈ (0, 1)) in (7); we have
(
1
t0
− 1
)2n
<
(
1
t0
)2n − λ.
The proof is completed. 
Theorem 2. Let E be an inner product space and let D be a bounded open subset in E and θ ∈ D.
Suppose that A: D → E is a semiclosed 1-set-contractive operator, and such that
(µx − Ax, µx − Ax)n ≥ (Ax, Ax)n − λ(µx, µx)n, for every x ∈ ∂ D, where n ∈ N ,
λ ∈ (0, 1], µ ≥ 1. (H2)
Then Ax = µx (µ ≥ 1) has a solution in D.
Proof. We can assume that Ax = µx (µ ≥ 1) has no solution on ∂ D (otherwise Theorem 2 has been
proved).
Let Ht (x) = tµ Ax , t ∈ [0, 1], for every x ∈ ∂ D, µ ≥ 1. Below, we prove that
x = Ht (x), for every x ∈ ∂ D, t ∈ [0, 1], µ ≥ 1. (8)
In fact, suppose that (8) is not true; then there exist a t0 ∈ [0, 1] and an x0 ∈ ∂ D such that
x0 = Ht0(x0), that is, x0 =
t0
µ
Ax0. (9)
Then t0 = 0 (otherwise t0 = 0; that is, x0 = θ ∈ ∂ D, which contradicts θ ∈ D) and t0 = 1 (otherwise
t0 = 1, and we have µx0 = Ax0, x0 ∈ ∂ D; this contradicts the given condition Ax = µx , for every
x ∈ ∂ D).
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Hence t0 ∈ (0, 1), by (9), we have Ax0 = µx0
t0
, x0 ∈ ∂ D, µ ≥ 1. (10)
Inserting Ax0 = µx0t0 into (H2), we have(
µx0 − µt0 x0, µx0 −
µ
t0
x0
)n
≥
(
µ
t0
x0,
µ
t0
x0
)n
− λ(µx0, µx0)n,
that is, µ2n
[(
1 − 2
t0
+ 1
t20
)
(x0, x0)
]n
≥ µ
2n
t2n0
(x0, x0)
n − λµ2n(x0, x0)n,
that is,
∣∣∣∣∣1 − 2t0 +
1
t20
∣∣∣∣∣
n
(x0, x0)
n ≥
(
1
t2n0
− λ
)
(x0, x0)
n. (11)
Since, x0 ∈ ∂ D and x0 = θ , we have (x0, x0) = 0. By (11), we obtain that(
1
t0
− 1
)2n
≥
(
1
t20
)n
− λ.
This is in contradiction to Lemma 1.
Thus, x = Ht (x),t ∈ [0, 1], for every x ∈ ∂ D, µ ≥ 1.
By the proof of Theorem 1, we know that Ht : D → E is a semiclosed 1-set-contractive operator.
According to the homotopy invariance and solution property in [1], we obtain i( A
µ
, D) = i(θ, D) = 1.
Thus, we know that Ax = µx (µ ≥ 1) has a solution in D.
This completes the proof of Theorem 2. 
Theorem 3. Let E be an inner product space, D a bounded open set in E, and θ ∈ D. Suppose that
A : D → E is a semiclosed 1-set-contractive operator, and satisfies the following condition:
(µx − Ax, µx − Ax) ≥ (Ax, Ax), for every x ∈ ∂ D, µ ≥ 1. (H3)
Then Ax = µx (µ ≥ 1) has a solution in D.
Proof. In Theorem 2, we take n = 1 and λ = 1. (H2) says that (µx − Ax, µx − Ax) ≥ (Ax, Ax) −
(µx, µx). By (H3), we obtain
(µx − Ax, µx − Ax) ≥ (Ax, Ax)
≥ (Ax, Ax) − (µx, µx), for every x ∈ ∂ D, µ ≥ 1.
According to Theorem 2, we know that Theorem 3 holds.
The proof of Theorem 3 is completed. 
Remark 2. Theorems 2 and 3 generalize Petryshyn’s Theorem.
Example 1. Let us consider the following concrete equation which comes from information science and
applied mathematics:
1
2
Sin x + 1
4
Cos x − x = 0.
It is easy to prove that this equation has a solution in [−π, π ].
In fact, let Ax = 12 Sin x + 14 Cos x , x ∈ [−π, π ].
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We write (y, y) = ‖y‖2 = |y|2, for every y ∈ R.
Hence (x − Ax, x − Ax) = ‖x − Ax‖2; for every x ∈ [−π, π ],
(Ax, Ax) = ‖Ax‖2, for every x ∈ [−π, π ].
And we let D = [−π, π ]; then D ⊂ R.
We have∥∥∥∥−π − 12Sin(−π) − 14Cos(−π)
∥∥∥∥ =
∥∥∥∥−π + 14
∥∥∥∥ = π − 14∥∥∥∥12Sin(−π) + 14Cos(−π)
∥∥∥∥ =
∥∥∥∥−14
∥∥∥∥ =
∣∣∣∣−14
∣∣∣∣ = 14 .
And
∥∥∥∥π − 12 Sin π − 14 Cos π
∥∥∥∥ =
∥∥∥∥π + 14
∥∥∥∥ = π + 14 ,∥∥∥∥12 Sin π + 14 Cos π
∥∥∥∥ =
∥∥∥∥−14
∥∥∥∥ =
∣∣∣∣−14
∣∣∣∣ = 14 .
It follows that ‖x − Ax‖ > ‖Ax‖, for every x ∈ ∂ D.
Thus ‖x − Ax‖2 > ‖Ax‖2; that is (x − Ax, x − Ax) > (Ax, Ax), for every x ∈ ∂ D.
Meanwhile, A is a semiclosed 1-set-contractive operator.
According to Theorem 3, we obtain that Ax = x has a solution in [−π, π ]. That is, the equation
1
2Sin x + 14 Cos x − x = 0 has a solution in [−π, π ].
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